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Molecular chirality and domain shapes in lipid monolayers on aqueous surfaces

Peter Krüger and Mathias Lo¨sche
Institute of Experimental Physics I, Leipzig University, Linne´strasse 5, D-04103 Leipzig, Germany

~Received 4 April 2000!

The shapes of domain boundaries in the mesoscopic phase separation of phospholipids in aqueous surface
monolayers are analyzed with particular attention to the influence of molecular chirality. We have calculated
equilibrium shapes of such boundaries, and show that the concept of spontaneous curvature—derived from an
effective pair potential between the chiral molecules—yields an adequate description of the contribution of
chirality to the total energy of the system. For enantiomeric dipalmitoylphosphatidylcholine in pure monolay-
ers, and in mixtures with impurities that adsorb preferentially at the~one-dimensional! boundary line between
the isotropic and anisotropic fluid phases, such as cyanobiphenyl~5CB!, a total energy term that includes line
tension, electrostatic dipole-dipole interaction, and spontaneous curvature is sufficient to describe the shapes of
well-separated domain boundaries in full detail. As soon as interdomain distances fall below the domain sizes
upon compression of a monolayer, fluctuations take over in determining its detailed structural morphology.
Using Minkowski measures for the well-studied dimyristoyl phosphatidic acid~DMPA!/cholesterol system, we
show that calculations accounting for line tension, electrostatic repulsion, and molecular chirality yield bound-
ary shapes that are of the same topology as the experimentally observed structures. At a fixed molecular area
in the phase coexistence region, the DMPA/cholesterol system undergoes an exponential decay of the line
tensionl with decreasing subphase temperatureT.

PACS number~s!: 87.16.Dg, 87.14.Cc, 05.65.1b, 05.70.Fh
ir

be
o

r
ce

he

ui
ro
-
m
is
c
a

—
g
m
a

o
e
te

ve
is
to

ant
os-

uir
ds
r-
the
s is
er,
uc-
the
-
al
s

ion
high

2D
s

ead

o-
ng
ich

lar

ter
n;
ec
ic
e

C;
-

I. INTRODUCTION

Langmuir monolayers of amphiphilic molecules at the a
water interface show mesoscopic—i.e.mm scale—structure
formation in the course of a first-order phase transition
tween the isotropic and an anisotropic quasi-tw
dimensional~2D! fluid phase@1–3#. Such monomolecula
layers are typically prepared in a Langmuir film balan
which permits a continuous decrease of the areaA per mol-
ecule in the film, resulting in a monotonic increase of t
lateral pressure on the film,p5g02g, whereg is surface
tension. Since the textures are mesoscopic, it is q
straightforward to observe them using fluorescence mic
copy ~FM!1 @4,5#—utilizing the partitioning of an amphiphi
lic dye between coexisting phases—or Brewster angle
croscopy~BAM ! @6# which does not introduce a label but
more limited in optical resolution. It has been generally a
cepted that the sizes and shapes of coexisting phase dom
are controlled by the competition of molecular interactions
the ~one-dimensional! line tension between the coexistin
phases and electrostatic repulsion between excess dipole
ments on the condensed phase—where the increased
density of the charged or zwitterionic amphiphiles leads t
dipole moment density that is increased over that of the
panded phase. An analysis of the shapes of phase coexis

1Abbreviations: FM, fluorescence microscopy; BAM, Brews
angle microscopy; GIXD, grazing-incidence x-ray diffractio
DPPC, 1,2-dipalmitoyl-glycero-3-phosphatidylcholine; EPP, eff
tive pair potential; DMPA, 1,2-dimyristoyl-glycero-3-phosphatid
acid; DMPE, 1,2-dimyristoyl-glycero-3-phosphatidylethanolamin
NBD-PC, 1-palmitoyl-2-lauroyl-nitrobenzoxadiazol-glycero-3-P
5CB, 4-cyano-48-N-pentylbiphenyl; EDTA, ethylenediamin tet
raacetic acid; LE, liquid expanded; LC, liquid condensed.
PRE 621063-651X/2000/62~5!/7031~13!/$15.00
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textures should thus—in principle—yield a quantitati
analysis of the molecular interactions in such films. In th
context it is interesting to note that very similar patterns
those previously observed in phospholipid monolayers@7,8#
were also recently shown to occur in bilayer leaflets of gi
unilamellar vesicles using two-photon fluorescence micr
copy @9#.

Particularly interesting are domain structures in Langm
films of biological compounds—such as phospholipi
@10,11#. In this context, a quantification of molecular inte
actions may also bear physiological implications, since
association of, e.g., peripheral proteins with membrane
likely to be sensitive to electrostatic interactions. Moreov
since such lipids are invariably chiral, the mesoscopic str
ture formation will also be affected by the handedness of
constituent molecules@5,12#. Similar effects were demon
strated for complex, chiral amphiphiles that lack biologic
relevance@13,14#. In addition, branching of the structure
may occur@15–18#, and far from equilibrium domain growth
is susceptible to diffusion limitation@19#, leading to effects
similar in nature to constitutional supercooling@20#. Under
near-equilibrium conditions, the compression speeddA/dt
controls the final size of the domains, since fewer nucleat
centers per unit area are formed at low speed than at
speed at the onset of the phase transition@21,22#. Com-
pounds with a large susceptibility for enrichment at the
fluid-fluid contact line in the monolayer films—such a
cholesterol—are known to reduce the line tension, and l
to an elongation of the structures@12,15,23# due to the rela-
tive enhancement of electrostatic repulsion within the d
mains@12,24#. The sum of these effects leads to a dizzyi
richness of shapes observed in monomolecular films, wh
severely complicates any quantitative assessment.

Theory treats these low-dimensional objects as 2D dipo
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7032 PRE 62PETER KRÜGER AND MATHIAS LÖSCHE
discs @25,26# that are subject to plastic deformation@15#.
Most approaches concentrated on the competition betw
line tension and electrostatic repulsion@18,24,27#, which suf-
fices to describe many essential features of the observed
tures. With a few exceptions@28,29#, the contribution of mo-
lecular chirality to structure formation was recognized@5#,
but not explicitly taken into account in attempts on a qua
titative description. Generally, structure formation has be
treated either as an equilibrium problem concerning in
vidual domains@27,30,31# or in terms of thermodynamic
properties—e.g., of hexagonal or stripe phases@24,32# and
their transitions. No attention was paid so far to the ass
ment of shapes of domains in the field originating from th
neighbors within a monolayer in which crowding of domai
occurs—which is the realistic situation for the most part d
ing the phase transition. The reason for this is that under
influence of the variety of factors that govern structure f
mation, fluctuations lead to a variability of the observed p
terns which are similar to each other—but not identical. T
complicates a detailed evaluation of the data greatly, and
so far prevented a quantitative comparison with mod
Thus the kidney-shaped textures@5,23,33# that are typical of
enantiomerically pure phospholipids such as DPPC, DP
or DMPA have not yet been reproduced in a static, qua
equilibrium situation in which they occur~although a kinetic
approach has been suggested@28#!.

In the work reported here, we introduce a term, based
the concept of spontaneous curvature, that contributes to
free energy of the system, and accounts for the internal st
ture of the domains. We show that essential features of
structure formation are well described by three compone
in the free energy—line tension and electrostatic repuls
as introduced by McConnell and others@24,25#, and sponta-
neous curvature due to long-range accumulation effect
the local molecular chirality. It is demonstrated that this d
scription works well for systems in which elongate
domains—that may be treated as quasi-1D structures—
formed at large distances from each other (d@L, the length
of a typical domain!, such that domain-domain interaction
may be neglected. We then demonstrate that the forma
may also be used to model domain structures in a truly
situation, although our implementation is limited to an ana
sis near the onset of the phase transition where the dom
are still well separated. The values determined for sponta
ous curvature in that case are compatible with typical co
lation lengths for the positional order of molecules in hexa
domains as determined using GIXD@34#. Finally, we use the
approach of simulating ensembles of elongated, quasi
domains, thus arriving at a situation that permits a comp
son of models with the realistic situation in which ma
domains coexist within the monolayer in close vicinity
each other. As such a comparison is limited to an evalua
of similarities—since the detailed shapes of individual d
mains in a tightly packed regime are governed
fluctuations—we apply integral geometric techniques
characterize morphological measures of the observed
simulated patterns. As an alternate means of comparing
perimental and calculated data, we determine the width
length ratios of the domains. In such a comparison, a c
tinuous development of the line tension values is observe
simulations that relate to a sequence of images obtained i
en
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experiment in which temperature variation controls the tr
sition from a hexagonal to a striped phase under the in
ence of molecular chirality@12#.

II. EXPERIMENT

Chloroform was from Merck~Darmstadt, Germany! and
methanol from Sigma-Aldrich~Deisenhofen, Germany!.
Both were of p.a. grade. The synthetic phospholipids
palmitoylphosphatidylcholine and dimyristoylphosphatid
acid (L-a-DPPC,D-a-DPPC, andL-a-DMPA), as well as
cholesterol, were from Sigma-Aldrich. They were specifi
99%1pure, and used as received. NaCl, NaOH, and ED
were from Sigma-Aldrich~p.a. grade!. Cyanopentylbiphenyl
~5CB! was from Merck. The chain-labeled fluorescent lip
NBD-PC from Molecular Probes~Leiden, The Netherlands!
was used at a concentration of 0.5 mol % with respect to t
lipid. Lipids were spread from 3:1~chloroform:methanol! so-
lutions in concentrations of'0.5 mg/mL on pure water sub
phases. The water was filtered using a Milli-Q device~Mil-
lipore, Eschborn, Germany!, and had a resistivity of
.18 MV cm. Both the fluorescence and Brewster angle m
croscopy setup are of local design@35,36#. Fluorescence mi-
croscopy data are directly stored into computer mem
(9283640 pixels!, and processed using the public doma
software NIH Image, v. 1.62@37# and routines written in the
yorick 1.4 programming language@38#.

III. RESULTS AND DATA MODELING

A. Chirality of DPPC domains

Phase separated films of enantiomeric DPPC on pure
ter show that the molecular chirality is expressed in the m
soscopic structure@5#. As typical examples, Fig. 1 shows
micrograph of aL-a-DPPC monolayer@~a!: FM at p
'9 mN/m andA'65 Å2 and ~b!: BAM taken under com-
parable conditions# in which ordered domains@dark in Fig.
~1~a!#, embedded in a continuous phase of disordered lip
have been formed in the course of the first-order liqu
expanded–liquid condensed~LE/LC!2 phase transition. Both
images were taken at room temperature (T52061°C) and
are clippings from a larger field of view. The FM image w
observed using 0.5 mol % NBD-PC. Each of the doma
@that are not identical in Figs. 1~a! and 1~b!# have grown
three lobes from their centers, which curve back on the

2Phospholipid monolayer phases are denoted according to Ca
headet al. @39#.

FIG. 1. Domains ofL-DPPC on pure water (T'20 °C,p
'9 mN/m) as visualized with FM~0.5-mol % NBD-PC, left panel!
or BAM ~center panel!. A putative distribution of the director ori-
entations of the tilted chains@40#, consistent with the gray leve
distribution observed in the BAM image, is shown on the right.
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selves, thus forming the beginnings of left-handed spir
Neutron and x-ray reflectivity measurements showed that
ordered acyl chains of DPPC in the LC phase are tilted
'30° from the surface normal@40#. Such a tilting of the
long molecular axis leads to optical anisotropy which is o
served in the BAM image@Fig. 1~b!# as a continuous varia
tion of the brightness level as one follows the long axis
the spiraling lobes. This indicates that the mesoscopic cu
ture of the dividing line between the coexisting phases
correlated with the local orientation of the tilt azimuth of th
acyl chains. A schematic model of the vector field represe
ing these azimuth directions—consistent with the brightn
level distribution observed in the BAM image given the d
rection of the incoming laser beam—is indicated in Fig. 1~c!.

Close inspection of Fig. 1 reveals that the curved lob
are not simply bent rectangular shapes. Rather, the dom
contours are more complicated, which is particularly obvio
in the center section whence the lobes have grown fro
common center, the domain nucleus. The contour line in
region reflects clearly the impact of long-range interactio
by which outer areas of the domain are repelled by in
areas. Obviously, the detailed shape of such domains
not simply be described using one-dimensional models. T
point is stressed by the fluorescence micrograph in Fig
which shows anL-a-DPPC monolayer in a state where th
LE→LC phase transition has been further driven towa
completion (p58.9 mN/m andA565 Å2). A remarkably
regular array of domains is observed, densely packed wi
the film area, in which the shapes of the individual doma
are all quite similar to each other, mostly showing two lob
although one-lobed domains also frequently occur. Close
spection shows also that no individual contour is identica
any other, which impressively stresses the role of fluct
tions. By and large, however, electrostatic long range in
actions, i.e., the repulsion of collinearly oriented dipole m
ments, determine the overall arrangement most significan
A gray zone overlaid on the image indicates locations wh
the action of such long-range repulsion has led to a mu

FIG. 2. FM micrograph~0.5-mol % NBD-PC! of a tightly
packed ensemble ofL-DPPC domains in a monolayer on pure wa
(T'20 °C,p'9 mN/m). By highlighting the surrounding of on
domain, the ‘‘world map effect’’~cf. footnote in the text! is exem-
plified.
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arrangement of the contour lines of neighboring doma
over a distance of some 10mm.3 We conclude from these
images that both intradomain and interdomain electrost
interactions determine the textures observed in such mo
layers.

Figure 3 shows a series of FM images from monolay
incorporating various mixing ratios, L-a-DPPC:
D-a-DPPC, at room temperature and similarp,A values
('9 mN/m, 65 Å2). It is observed that the mesoscopic cu
vature of the domain lobes is correlated with the enan
meric constitution of the lipid, and most distinct for the pu
components. Upon progressive mixing of the enantiom
the curvature is gradually reduced, and for the racemate
curvature has entirely vanished.

In order to separate the effect of molecular chirality fro
other contributions to the Hamiltonian, and to test mod
describing its impact, it may be advantageous to start w
filamentous domains of chiral amphiphiles in which the
dividual domains are well separated~the interdomain dis-
tances are much greater than the domain diameters!. While
the DPPC/cholesterol@23# or DMPA/cholesterol@12# sys-
tems reported on previously meet the first condition, th
filamentous domains are so close to each other that inte
main interactions cannot be neglected. We found a sim
system, DPPC/5CB, which forms quasi-1D domains that s

3This arrangement might be called the ‘‘world map effect’’ b
cause of its close resemblance to the formation of continental c
tour lines, e.g., on both sides of the Atlantic Ocean due to
continental drift.

FIG. 3. FM images~0.5-mol % NBD-PC! of mixed monolayers
of L-DPPC andD-DPPC on water (T'20 °C,p'9 mN/m) with
mixing ratios as indicated.
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7034 PRE 62PETER KRÜGER AND MATHIAS LÖSCHE
separated within the film thus fulfilling both criteria rath
well. Figure 4 shows a fluorescence micrograph of suc
mixture with 19 mol% of the mesogen incorporated (T520
61°C, p514 mN/m, A562 Å2). The snapshot shows
number of dark domains, qualitatively similar to one anoth
except for the fact thatn51, 2, 3, or 4 spiral arms are
grown from the respective nucleation centers. One-arm
domains—such as the one indicated by an arrow—have
appearance of mirror symmetry; however, closer inspec
reveals that one of their ends—the one from which grow
was nucleated—is filled, whereas the other one is empty~see
also magnified views in Fig. 7, below!. Between these two
ends, the body of the domains curve left-handedly in a d
cate~thickness,'1 mm) spiral that opens—due to repulsio
from the nucleation center—and then closes again to fo
the terminus. The contour length of such a domain may
up to 20mm. As with enantiomeric DPPC, all such domai
show the same direction of the curvature, regardless of h
many arms emerge from its center. For our purpose i
irrelevant whether the mesoscopic chirality emerges from
molecular property of the DPPC or the 5CB: The system
serves as a case to test whether structure formation ma
quantitatively modeled using the concept of spontane
curvature—inferred from molecular chirality—as develop
in Sec. III B.

B. Effective pair potentials and spontaneous curvature

To develop a reasonable contribution to the Hamilton
of the system that accounts quantitatively for molecu
chirality, we start by evaluating the effective pair potentia
~EPP’s! @41# between two adjacent amphiphilic molecul
within the monolayer film. Figure 5 shows a top view of tw
such molecules, modeled as soft bodies with two chains e
~for simplicity, their orientation is taken to be normal to th
surface!. An angular offset between the pseudomirror sy
metry plane bisecting the chains and the horizontal direc
from the b chain to the headgroup results from the m
ecule’s chirality. Due to the vectorial orientation of the lipid
within the film, the headgroups of both molecules are loca

FIG. 4. FM micrograph~0.5 mol % NBD-PC! of a L-DPPC
monolayer incorporating 19 mol % 5CB on water (T'20 °C,p
'14 mN/m).
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at the same height, underneath that of the chains. If one fi
the distance between the headgroups, and keeps the intr
lecular coordinates constant, only two angular coordina
are left, describing the relative orientation of the two lipi
within the film: a i j accounts for the relative orientation o
the backbones within the plane of the film, andb i j charac-
terizes the direction connecting the two headgroups with
spect to a reference axis, cf. Fig. 5.

The interaction potential of the two soft bodies,f, incor-
porates two major contributions: the van der Waals attrac
fvdW , and a soft penetration repulsionf rep which we take
to be proportional to the penetrated volume if the two bod
are located closer in space than their static van der W
radii would permit. Thus two cylindrical soft bodies wit
static van der Waals radiir 1 and r 2 experience the interac
tion potential

f~r !5H fvdW~r !, r .r 11r 2

f rep~r !, r<r 11r 2 ,
~1!

with

f rep~r !5uso f tVpenetr5uso f tApenetrDz, ~2!

whereV is a volume,A is an area within the surface film, an
z is the direction of the surface normal.

The mutual energy of the two molecules includes a ste
repulsion term and several dipole-dipole interactions. T
steric repulsion is accounted for by an energy deriving fr
a deformation of the virtual volume of the chains. The co
cept of a ‘‘virtual volume’’ is motivated by the fact that th
time scales of molecular vibrations and linear molecular m
tions are quite different. As the virtual volumes of two mo
ecules overlap, the free volume associated with those m
ecules shrinks, and their degree of freedom is reduced:
energy of the system rises. Dipole-dipole interaction is a
perposition of contributions from moments parallel to t
surface interacting with each other and moments perpend
lar to the surface interacting with each other. From a mole
lar point of view, normal components contribute only weak
to the molecular interactions because of their image dipo
and intramolecular compensation of parallel and antipara
moments. Their interactions, however, are not negligible
the entire domain, since they do not average to zero over
domain area. In contrast, dipoles parallel to the surface

FIG. 5. Molecular arrangement in the EPP mapping: top view
two lipid molecules in the monolayer plane, and definition of t
coordinates used to describe their mutual orientation. The dista
between the headgroups was fixed in the mapping.



lt
he
e
jo

of
se

he
s

th
t
o
o
e
n

b
s—
th

he
es

lly
on
se
io
or
io

tw
a

er

he

-
ain

eir

up
en-

of
rise
me-
in a
e
pole
nts,

es,
l-

d in
s

up
the
e of
in-

ibu-

o
ed
ins
at
ne
ing

ed
ent
ym-

tal

a
e

e
at

PRE 62 7035MOLECULAR CHIRALITY AND DOMAIN SHAPES IN . . .
enhanced by their image dipoles; as they form higher mu
poles with neighboring molecules, on the other hand, t
are of short range and do not contribute to the domain
ergy. However, these in-plane dipoles contribute the ma
part to theintermolecular interactions. For a discussion
the relative contributions of lipid headgroups and chains,
Sec. III C.

The resulting EPP mapf vs a i j and (a i j 1b i j ), of the
two molecules shown in Fig. 5, is displayed in Fig. 6. T
gray scale representation has been optimized to empha
the ~shallow! minima ~dark grays!, which border regions of
strong repulsion whose maximum values lie far beyond
brightest level, truncated at white. Most regions are jus
uniform medium gray, corresponding to a faint attractive p
tential quite close to neutral. While the precise surface top
ogy of the map is insignificant because details of the und
lying molecular model were somewhat arbitrarily chose
one recognizes two important qualitative features.

~a! Most importantly, the EPP map is not characterized
a simple symmetry. There are two rather confined region
related with the two molecules in the system—in which bo
net repulsion and net attraction occur close to each ot
forming a characteristic pattern within the map. One of th
patterns, centered at„a i j ,(a i j 1b i j )… '(p,0.6p), is the
mirror image of the other pattern, centered at„a i j ,(a i j
1b i j )… '(1.6p,0).

~b! There is a well-defined coordinate (a i j ,0 , b i j ,0), in
which the mutual attraction finds its maximum. Genera
potential minima are observed located in confined regi
within the (a i j ,b i j ) plane. The most pronounced of tho
attraction zones borders one of the four unique repuls
regions in a narrow ditch; other attraction zones, albeit m
shallow, are somewhat distributed between the repuls
zones.

C. Free energy of domain shapes

As a result of the observations made in the previous
sections, we write the free energy that determines the sh
of a domain of chiral lipid molecules within a monolay
surface film as

FIG. 6. Effective pair potential map of the molecular arrang
ment shown in Fig. 5. The repulsive interaction has been trunc
in the plot. For details, see the text.
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E5Eline1Eelstat1Echiral . ~3!

The first two contributions to the total free energy, t
interfacial energyEline and the electrostatic energyEelstat,
were extensively discussed in the literature@2,24#. They are
given by

Eline5l R
dD

ds ~4!

and4

Eelstat5
m2

2 E
D
E

D

dA dA8

urW2rW8u3
, ~5!

in which l denotes line tension,m denotes the dipole mo
ment difference per unit area between the condensed dom
and its disordered surrounding, andD and dD are the area
and the perimeter of the domain, respectively. Due to th
location within media of different dielectric constants (e r),
separated by the hydrophilic-hydrophobic interface, gro
dipole moments on lipid chains and headgroups behave
tirely different with respect to long-range accumulation
their interactions. Both headgroup and chain dipoles give
to image charges located across the interface: Terminal
thyl groups and carbonyls on the chains are embedded
medium of e r'2; the normal components of their imag
dipoles have the same directions as those of the real di
moments. As a consequence, their effective dipole mome
deriving from the superposition of real and image dipol
arenormal to the interface—giving rise to long-range repu
sion. In contrast, headgroup dipole moments are locate
an environment withe r@10, and give rise to image dipole
whose projections on the surface normal have theopposite
directions to that of the real dipoles. Although headgro
dipole moments are generally much larger than those of
chains, their normal projections are thus canceled by thos
their image dipoles; the resulting superposition has an
plane orientation, and leads to quadrupolar charge distr
tions of only short-range interaction.

To formulate a contribution of the molecular chirality t
the total free energy, we utilize the properties of the deriv
EPP map, namely, its asymmetry and the fact that it conta
~at least! one pronounced minimum. Taking into account th
one of the coordinates is arbitrarily chosen, one finds o
specific angle corresponding to the energy minimum. Plac
the molecule into a~pseudo! unit cell introduces two inter-
molecular distancesD1 and D2. A similar pseudo-unit-cell
containing a neighboring molecule is necessarily misalign
with respect to the first one: Any attempt on a realignm
leads to an increase in energy. Only if the EPP map is s
metric may a unit cell be found that extends over two~or
more! molecules and sustains the formation of a true crys
lattice. The angle of misalignment in connection withD1 and
D2 yields two spontaneous curvatures,k1,0 andk2,0.

4Since we will solve the energy minimization numerically on
mesoscopic grid~vide infra!, we need not be concerned with th

singularity that arises asrW→rW8.

-
ed



ni-
th

ue

fo

I

u-

s

te

re

l
ng
in
in
u
iz
p
a
a

l

th
fi-
o
m

e
ith-

s
s-

as

izes

hm,
i-
r
n-
ithm

y
nt

-

om
ted
rs
iral
he

he
ap-

sess
ig.
ith
are

itu-
pe

is
of
of

lu-
n-

ized
uite
do-

de-
o-
e is
the
u-
the

tors
o-

7036 PRE 62PETER KRÜGER AND MATHIAS LÖSCHE
The Taylor expansion of the potential around its mi
mum leads to a quadratic approximation described by
Hesse matrixH. Thus the contribution to the free energy d
to the shape of the molecules may be written as

Echiral5E
D

~k1,02k1 ,k2,02k2!TH~k1,02k1 ,k2,02k2!dA

5DkWTHkW dA. ~6!

1. Quasi-1D, curved domains

Assume a pronouncedly elongated, curved domain
which all contributions toE across its~small! dimension per-
pendicular to the growth direction are essentially zero.
such a case, the dimensions of the integral expressions@Eqs.
~4!, ~5!, and~6!#, are all reduced by one unit. The contrib
tion due to line tension simplifies toEline52l l ~where l
denotes the total length of the elongated domain!; this is
obviously a constant with respect to the domain shapeg,
which need not be explicitly included in the calculation
The electrostatic energy reduces to

Eelstat5
m2

2 E
g
E

g

ds ds8

urW2rW8u3
, ~7!

while only one spontaneous curvature is required to de
mine the chiral contribution

Echiral5jE
g
„k~rW !2k0…

2 ds, ~8!

in which j5H11 is a scale factor and is the actual curvatu
of the domain atrW(s). The curvature may be evaluated as

k~rW !5
urẆ3rẄu

urẆu3
. ~9!

The solution ofdEtotal50 leads to an integrodifferentia
equation, which cannot be solved analytically or usi
Runge-Kutta’s algorithm. We have thus chosen to determ
g, the domain shape, by using an iterative approach to m
mizing the contour energy. The domain is composed of s
cessively larger numbers of straight segments, character
by equidistant kink points, that approximate the macrosco
cally curved contour line. Each kink point is specified by
triple of coordinates: two local Cartesian coordinates and
anglea that characterizes the kink.a is related to the loca
curvature by

k5
1

Ra
5

sina

2DA222 cosa
, ~10!

whereRa is the radius associated with the curvature of
domains, andD is the length of the segment. More speci
cally, Ra is the outer radius of the triangle defined by tw
neighboring segments. In practical terms, two free para
eters determine the 1D shape of the domains,
e

r

n

.

r-

e
i-
c-
ed
i-

n

e

-

z5
m2

2j
, ~11!

a reduced dipole moment density~normalized to the chiral
contribution in a similar way as in the normalization to th
line tension in earlier assessment of 2D domain shapes w
out a chiral energy contribution@25#!, and the spontaneou
curvaturek0 normalized to the length of the domain. In di
tinction from earlier work, no dependence ofl on the loca-
tion of a line segment at the perimeter of the domain h
been assumed.

The evaluation starts withn53 segments, with values
corresponding to the spontaneous curvature, and minim
their total energy by adjustinga at each kink point. This may
be achieved by a straightforward steepest decent algorit
since only one degree of freedom is involved in the minim
zation problem. In the iteration of this process, the numben
of kink points along the contour line is successively i
creased by one until a preset value is reached. This algor
works well with any numberN of spiral arms emerging from
a domain nucleus. IfN.1 arms are involved in the energ
minimization, electrostatic interaction is taken into accou
within each of the arms as well as between them.

In Fig. 7, results from the energy minimization are com
pared with experimental observations. Figure 7~a! shows a
largely magnified image of a one-armed domain taken fr
an image similar to Fig. 4. The domain’s nucleus is loca
in the lower left section of the image, and growth occu
from there in an opening and subsequently narrowing sp
to the termination point in the upper central section of t
image. The result of an energy minimization (n5100,z
58,k050.12) is overlaid to the experimental image, and t
agreement between both contours shows clearly that the
proach which we have developed is quite adequate to as
the morphology of the quasi–1D domain. Likewise, in F
7~b! the modeling of a two-armed domain is compared w
an experimental result. Not surprisingly, these parameters
identical to those that have been found in modeling the s
ation shown in Fig. 7~a!. One realizes that the domain sha
close to the nucleation point in the center of the image
quite different from its shape near the termination points
the two spirals. This feature, as well as the overall shape
the domain, is faithfully reproduced in the model. In conc
sion, from the comparison of the model with the experime
tal results contained in images such as Fig. 4, it is recogn
that the concept of spontaneous domain curvature is q
well suited to describe the contour shapes of elongated
mains with narrow cross sections.

2. 2D domains

The concept of a 2D spontaneous curvature for the
scription of domain shapes of chiral lipids in surface mon
layers leads to general problems. To our knowledge, ther
no general mathematical theory that uniquely identifies
curvature in two dimensions of an area of arbitrary, contin
ous shape. For the evaluation of experimental results in
form of an assessment of the curvature of the local direc
describing the collective tilt of aliphatic chains in a mon
layer, we made the following assumptions.
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~1! Each single connected regionD can be obtained from
the unit squareE through a coordinate transformation. A
this mapping is at least single valued, there is a funct
f :E°D.

~2! E may be parametrized using Cartesian coordina
This parametrization yields two curvature values at e
point within D which are associated with orthogonal dire
tions within E:

kW~rW !5„kx~rW !,ky~rW !…,

kx~rW !5kx~x,y!5kx~x!uy , ~12!

ky~rW !5ky~x,y!5ky~y!ux .

To minimize the energy, a Monte Carlo method has be
implemented that determines the vectorkW used to transform
the coordinates of the unit squareE into the target shapeD.
This procedure facilitates domain energy minimization t

FIG. 7. Comparison of 1D models with experimental data sim
lar to those shown in Fig. 4.~a! One-lobed domain.~b! Two-lobed
domain.
n

s.
h

n

t

includes the chiral contribution, according to Eq.~6!, by ad-
justing the mappingf. In the evaluation, the dual area inte
gration in Eq.~5! has been evaluated by simplifying the e
pression using Green’s theorem@25#:

E
D
E

D

dA dA8

urW2rW8u3
52 R

g
R

g

ds ds8

urW2rW8u
. ~13!

The Monte Carlo procedure acts on a unit squareE charac-
terized byn3m grid points. We found that this algorithm i
susceptible to instabilities with respect to the crossover
gridlines in the target shapeD when going to small line
tension values. In order to obtain a good appreciation of
internal structure ofD, it is obviously necessary to constru
a well-distributed grid within the target shape. Thus a pe
alty function was introduced which favors grid points at ev
distances. The contribution of this penalty function to t
final results was kept below 10% of each of the remain
~physical! terms.

As to a comparison with experimental results, we we
limited to the analysis of situations in which domains a
well separated from each other, because the algorithm
formed poorly with respect to instabilities~gridline cross
over! if electrostatic interdomain interactions are taken in
account. Moreover, the algorithm is too inefficient to ena
an extensive modeling of the 2D situation on the workstat
we used for the computations. This implies that only situ
tions could be analyzed in which the domains have just b
nucleated and growth has not proceeded much further,
iting us to a comparison of models with small domains th
have not yet grown into their mature, characteristic form
Nevertheless, a quantitative comparison is feasible: Fig
8~a! shows three juvenile domains in a monolayer of pu
L-a-DPPC on water (p58 mN/m, andA572 Å2) of a
similar preparation that leads to morphologies such as th
shown in Figs. 1 and 2 upon further compression of
surface film. Although the diameter of the domains is on
'10 times the optical resolution, it is appreciated that
domains are not circular but rather kidney shaped, and
even mirror symmetric. All three domains show the sa
deviation from mirror symmetry, which is obviously assoc
ated with the chirality of the system—although it is not o
vious at that stage of domain growth how the handednes
the domain shapes relates to the molecular chirality. A r
resentative model of a domain shape with minimal ene

@2l/m2530, H11530, H22510, H125H21515, and kW
5(1,5)] is presented in Fig. 8~b!, and overlaid with one of

-

FIG. 8. Comparison of a 2D model~b! with experimental data
~a!: L-DPPC on water shortly after the onset of the phase transit
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the experimentally observed specimens. As in a compar
of energy-minimized shapes with quasi-1D domains, it
obvious that the model is quite capable of capturing the
sential features of the structure formation in two dimensio
in the experimental system.

3. Crowded domains in a quasi 1D approximation

The most complex form of structure formation in lip
monolayers is one in which domains have come so clos
one another upon growth that electrostatic interdomain in
actions become substantial. In a number of experime
studies, situations were reported in which this occurs at r
tively small values ofl, such that the resulting domains a
elongated, forming effectively a 1D lamellar phase~stripe
phase! @23,24#. In a few cases, a continuous development
such stripe phases upon film compression or tempera
variations was reported@12,29#.

Textures that occur in such situations, e.g., in monolay
of DPPC or DMPA mixtures with cholesterol, are disti
guished from the results observed in the DPPC/5CB syst
~Fig. 4! in the following respects.

~i! The area fraction of the ordered phase is much lar
in the mature DPPC/cholesterol system than in DPPC/5C

~ii ! Growth in the crowded situation leads to interdigit
tion of arms from different domains.

~iii ! Depending on the system and the experimental c
ditions, growth in the crowded situation may lead to bran
ing of the domains. Such branching has been extensi
studied by various groups@17,18,27#.

In order to assess this situation in model calculations,
technique based on Eqs.~7! and ~8! needs to be only mar
ginally extended: Equation~7! is modified to include both
intradomain and interdomain electrostatic interactions:

Eelstat5(
i , j

m2

2 E
g i

E
g j

ds ds8

urW2rW8u3
. ~14!

The contribution fori 5” j has to be included as the mea
distance^d& between domains becomes comparable w
their mean diameter. For model calculations, either perio
boundary conditions or the simulation of domain growth in
2D potential well lend themselves for the implementatio
We have chosen the latter option, and simulated dom
shapes in an external potential with soft walls, compromis
on the susceptibility of this method for edge effects for
relative ease of implementation due to its confinement
finite summations. As an analytic form of the external pote
tial at the walls we chose a parabolic function to confine
domains to the center of a square potential well. Within
well, the potential energy of a domain segment is equa
zero.

The calculation of the model shape follows the patte
spelled out for the assessment of isolated quasi-1D doma
A number of domain nuclei is distributed at random with
the potential well. The number of segments is incremen
and the local kink anglea at the joints of the segment
adjusted to minimize the total energy of the arrangemen
domains until a preset length of the domains, correspond
to a particular area fraction of the ordered monolayer pha
has been reached. As a deficiency of the implementation
on
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algorithm is susceptible to the crossover of the quasi-1D
mains, particularly at the well boundaries. In addition, high
curved structures may occur close to these boundaries,
pending on the arbitrarily chosen starting conditions. Con
quently, a comparison of the models with experimental
sults is limited to the central sections of the well.

Another significant complication in the comparison
modeling results with experimental observations arises
that both types of results depend largely on the starting c
dition, i.e., the locations of the randomly occurring or ra
domly chosen domain nucleation sites in the experime
situation or the Monte Carlo model, respectively. Yet bo
classes of starting conditions sensitively determine the
tailed arrangements of the domain ensembles. Since t
starting conditions never coincide, a direct comparison
similar to the one afforded in the previous sections—is
feasible. Instead, one has to compare the similarity classe
domain ensembles in experiments and in model calculat
in order to quantify the correspondence between a comp
morphology and a given experimental result. We have
plied integral geometric methods@42# to afford a quantitative
comparison of the morphology patterns formed by dom
ensembles.

4. Minkowski measures

A coordinate in Minkowski space which characterizes t
content of an image containing an arbitrary irregular patt
is defined by a triplet of functions,s, n, andx. The argument
of these functions depends on the character of the ima
that are to be compared. For the general case in which
ages with a full dynamic gray range are of interest, the ana
sis starts by slicing the image at any available gray levelr.
In such a case,r represents the argument of the Minkows
functions, which are the normalized portion of black pixe
s(r); the normalized length of the border between black a
white regions,n(r); and the normalizedEuler function,
x(r), i.e., the difference of the number of the connect
black and white regions. In concert, these functions de
the pattern quite sensitively, and depend very weakly on
chosen part of the image. Scaling the image by a facton
leads to the following rescaling laws for the Minkows
functions:s15s2 , n15n2 /n, andx15x2 /n2.

To access these functions for an image that contains
sentially two gray scale levels—such as the ones analy
here—, the image is sliced while the threshold is placed
the minimum of the bimodal gray level distribution. Sinc
we are concerned with elongated domains, the width of th
domains is of minor importance for the assessment of
underlying pattern. Consequently, we have skeletonized
images in the next step of the analysis using the buil
function of the NIH Image package. The resulting pattern
curves—one pixel wide—is well suited for a quantitativ
comparison with the computed patterns. Since
Minkowski functions require 2D regions within the image
to be compared, one has to transform the stripe patterns
into 2D connected regions in a controlled manner. On e
black pixel we have placed a circle with radiusr (r
51,2, . . . ), which represents the argument of th
Minkowski functions in the application of the formalism a
described here. For more details and an example of the tr
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formations applied to an experimental image, cf. t
Appendix.5

To quantify the similarity of two images, their distance
Minkowski space has to be determined. This distance is
fined as

a5E
0

`

„s1~r!2s2~r!…2 dr1E
0

`

„n1~r!2n2~r!…2 dr

1E
0

`

„x1~r!2x2~r!…2 dr. ~15!

We observed that all three Minkowski functions conver
uniformly to zero as the shapes of patterns converge tow
each other, and have thus confined the quantification
analysis of onlyx(r). Since the scaling between simulate
and experimental images isa priori unknown, we have cal-
culateda as a function of the scaling factorn of the simu-
lated images. Two images were then accepted to be simil
their distance in Minkowski space at anyn falls below the
square of the modulusa0 of the unscaled experimental im
age:

ax5E
0

`

„xexpt~r!2xmod~r!…2 dr<0.1E
0

`

xexpt
2 ~r!dr.

~16!

5. Ensemble domain shapes

Figure 9 shows two examples of experimental data
DMPA plus 4 mol % cholesterol on an aqueous solution
5 mM NaCl and 10mM EDTA, adjusted topH511 with
NaOH. Figure 9~a! has been taken atT510 °C and p
'14 mN/m, and Fig. 9~c! at T54 °C andp'8 mN/m. The
experimental images are compared to energy minimized
semble arrangements that were computed using the fol
ing input parameters. The thickness of the bodies of the c
puted domains is chosen to obtain a reasona
correspondence to the observed experimental shapes. I
to be emphasized that the synthetic ensemble textures sh
are not necessarily the best possible matches: Due to lim
computing power, we have not systematically screened
rameter space on a close-meshed grid; moreover, even u
identical parameters different explicit textures will be fou
depending on the starting conditions. However, visual
spection already shows that the correspondence betwee
two pairs of patterns is striking: In the data set atT
510 °C, the relatively short domain bodies are organized
pseudogrid lines that form a striped pattern which exte
from the top of the micrograph to the bottom. This feature
faithfully reproduced in the synthetic pattern@Fig. 9~b!#.
Moreover, as indicated by the two dashed lines overlaid
both the experimental and simulated data, the sequenc
neighboring domain shapesmaydevelop very similar in both
cases. Clearly, the close correspondence in the depicted
ample is fortuitous—under slightly different starting cond
tions, it could have occurred in a significantly different ma

5This technique is known as ‘‘erosion/dilation operation’’ in th
mathematical literature@60#.
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ner, or it could have been found in a mirror-symmet
arrangement. However, its occurrence suggests strongly
the images compared in Figs. 9~a! and 9~b! are certainly
similar to each other. On a more quantitative basis, we n
that the distance of the Euler functionsx of the two images
is much smaller than the square of the modulus of the
perimental image:ax'0.088ax,0 .

At a lower temperature,T54 °C @Figs. 9~c! and 9~d!#, the
textures in the monolayer have generally elongated, tra
forming the phase morphology into a striped pattern. T
pseudorows observed in Fig. 9~a! disappear and neighborin
domain bodies interdigitate deeply alongside each oth
However, the correlation length of the striped pattern is
tremely short as the texture incorporates a large numbe
defect points. Again, these features are faithfully resemb
in the simulated image@Fig. 9~d!#, which shows hairpin
shapes formed by individual domains as well as elonga
forms that are squeezed in between more compact dom
Quantitatively, the Euler functions of the two images a
close to each other,ax'0.09ax,0 @for comparison, the
Minkowski distance between the Figs. 9~b! and 9~d! is ax

'50ax,0].

IV. DISCUSSION

The experimental results presented in Sec. III as wel
previous work clearly show that the chirality of lipid mo

FIG. 9. Comparison of 1D models~b! and~d! with experimental
data@~a! and~c!: L-DMPA with 4 mol % cholesterol on an aqueou
subphase atpH511 and 5 mM Na1, 10 mM EDTA# at T
'10 °C,p'14 mN/m ~a! and T'4 °C,p'8mN/m ~b!. The
Minkowski distances between the simulated and the experimen
observed data areax'0.088ax,0 @~a! and ~c!# and ax'0.090ax,0

@~b! and ~d!#. The dashed lines in~a! and ~b! indicate a succession
of domains that happened to develop quite similarly in the exp
ment and the simulation—beyond the general similarity of the
derlying patterns.
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FIG. 10. Correlation, via the width-length ratioc of the domains, of the temperature dependent shape transformations observ
L-DMPA/4 mol % cholesterol with 2D simulations in which only the line tensionl was adjusted and all other parameters were k
constant. Some of the experimental data were shown in Fig. 9. The experimental data were collected betweenT517 °C ~highestl) and
T53 °C ~lowestl). The inset graph shows the correlation betweenT from the experiment andl from the simulations. The sketches on th
left hand side demonstrate that the 1D and 2D simulations at lowc yield the same results. The simulation results shown in parenthes
low l are believed to lie systematically too high inc due to problems with the algorithm.
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ecules affects pattern formation in aqueous surface mono
ers sensitively. We have derived a formalism that accou
quantitatively for the contribution of chirality to the energ
of the system, and have shown that one may model exp
mentally observed textures by accounting for line tensi
electrostatic interactions,and chirality in a wide range of
experimental situations. With this development, we ha
paved the road to simulating domain morphologies in surf
monolayers in their full complexity, i.e., for complex 2
shapes in a crowded situation where domain-domain inte
tions are substantial—such as the one shown in Fig. 2.

What can be learned from such simulations in terms of
molecular properties of the system? Clearly, the obser
mesoscopic structures reflect details of the molecular in
actions which might be quantified upon systematically stu
ing the molecular parameters used to model the experime
results. Unfortunately, since the computation of equilibriu
shapes derive from a continuum theory, the absolute len
scale has been lost and the molecular parameters may
be determined in relation to one another. While the abso
magnitudes may be determined using thermodynamic r
tions @43# or micromanipulation@44,45#, it is also interesting
to assess the trends that the system follows upon contin
variation of thermodynamic parameters. As shown in ear
work @29#, the DMPA/cholesterol system at highpH under-
goes a continuous transition from a pseudohexagonal p
to a striped phase upon lowering the temperatureT at a fixed
areaA. While the original data6 are too poor in quality for an
analysis as outlined Sec. III, we have repeated such a m
y-
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surement for a quantitative evaluation. Consistent with
earlier work we find an elongation of the domains
indicative of a reduction of the line tensionl— upon falling
T. Two representative images from this measurement
shown in Figs. 9~a! and 9~c!. Figure 10 visualizes a correla
tion of the experimental results with simulated data. In bo
cases, the width-length ratioc has been determined as
quantitative measure of domain elongation, andc has been
plotted as a function ofl for the simulation results~in arbi-
trary units, since the modeling of the domain shapes yie
only the ratio 2l/m2). The relationc5c(l) is clearly sig-
moidal, showing a large drop inc upon loweringl within a
narrow regime, whilec stays essentially constant above a
below this transition regime. In a second step,c has been
determined as a function ofT for the experimental data. Fi
nally, by using the implicit interdependence,l has been
mapped toT. From this mapping we derive an exponent
relationl5l0eaT ~see the inset in Fig. 10!. In the main body
of the figure, this linear mapping has been utilized to co
pare the simulation results with the rescaled experime
observations, and it is revealed that the correspondence
tween the two is almost perfect. At lowl, the models sug-
gestc ratios that are systematically large. This is attribut
to inherent difficulties of the simulation algorithm. For re
erence, some of the simulated domain shapes are include

6We thank Dr. W. Heckl, Munich, for providing the original dat
contained in Fig. 3 of Ref.@29#.
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FIG. 11. Image processing and the quantific
tion of Minkowski distances between experime
tal and simulated data.~a! Background corrected
raw data.~b! Raw data sliced and skeletonize
~c! Skeletonized data after adjustment of doma
thickness to radiusr. ~f! Simulated unscaled dat
with adjusted domain thickness.~d! Comparison
of the Minkowski measuress, n, andx. ~e! Dis-
tanceax between the experimental and simulat
data as a function of the scaling factorn.
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Fig. 10 and related to the corresponding data points. As
dicated on the left hand side of the main panel, the dom
shape emerging from the 2D modeling with vanishingl is
identical to that emerging from the 1D models if one fix
the latter with the appropriate domain width.

It is important to note that elongation depends critica
on the molecular chirality under equilibrium condition
Elongated structures are generally not observed in mono
ers of achiral amphiphiles—such as fatty acids or ester
and, on the other hand, we have not observed a trans
such as the one shown in Fig. 10 in simulations in wh
H50 has been assumed. While transitions from circular
noncircular domains have been found in systems that
exclusively determined by line tension and electrostatic
pulsion@31#, we note that in practical terms such systems
kinetically trapped in the circular state such that an act
transition isonly observed if chirality is added as an ingr
dient in the Hamiltonian of the system.

The symmetry break in the molecular arrangement wit
phospholipid domains due to the molecules’ chirality lea
to a consequence that may be experimentally tested. If
compares coherence lengths of the hexatic lattices forme
the alkyl chains of different compounds, achiral molecu
should have longer correlation than chiral ones. Fortunat
such coherence lengths may be experimentally determine
GIXD experiments@34,46,47#. Unfortunately, 2D lattices in
general are subject to low energy lattice distortions, proh
iting the formation of crystals with infinite correlatio
lengths@48,49#. We estimate the contribution of chirality t
reducing the correlation length of the positional order
scattering centers in Langmuir monolayers as follows.

The spontaneous curvaturek—as revealed from the mod
eling in correspondence with the experimental data
determines the displacementb of a molecule, located at a
distanceD5nD (D is a lattice constant! from the origin,
from its proper lattice site. Asb becomes comparable toD
upon increasing the number of lattice spacingsn, positional
correlation is lost due to the molecular chirality in an oth
wise ideal system. With

b5
12cosnkD

k
'

n2kD2

2
~17!
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andD'5 Å andk'1 mm21, we arrive atnD'320 Å for
the correlation length. We propose that molecular chira
reduces the correlation length in addition to the limitatio
imposed due to the dimensionality of the system, and e
mate from our results for the spontaneous curvature than
'60 lattice constants should pose an upper limit
L-DPPC. There have in fact been a number of GIXD stud
of phospholipid monolayers in the literature~for a recent
review, see Ref.@50#!. While PA’s @51,52# and PE’s@53,54#
were the objects of numerous studies, and were reporte
yield diffraction peaks that are close to instrumentation li
ited (nD'1,000 Å), there is to, our knowledge, only on
study published that shows rather broad diffraction pe
from ~enantiomeric and racemic mixtures of! DPPC @55#.
Whereas all phospholipids are chiral, the impact of chira
on the microscopic and mesoscopic structure is determ
by the headgroup size in relation to the cross section of
aliphatic chains: PA’s and PE’s—which are characterized
small headgroup sizes—develop by and large circular
main morphologies@51,56–58#, while DPPC with its bulky
headgroups shows a pronounced fingerprint of molec
chirality both in the mesoscopic domain shape and a
correlation length. Along this line of argument,triple-chain
PC,7 for which the ratio of the headgroup size and the a
phatic chain cross section is again reduced, shows both
cular domain morphologies in FM and extended correlat
lengths in GIXD ~see Figs. 3 and 5 of Ref.@59#, respec-
tively!. It might be worthwhile to study the interrelation be
tween the impact of molecular chirality on domain textur
and correlation lengths in GIXD more systematically in t
future.

V. CONCLUSIONS

We have shown that the molecular chirality of phosph
lipids sensitively determines the morphology of liqui
condensed domains in aqueous surface monolayers, and
developed a concept for the calculation of such morpho

71-hexadecyl-2-~2-myristoyl-palmitoyl!-3-glycero-PC and 1-~2-
myristoyl-palmitoyl!-2-hexadecyl-3-glycero-PC@59#.
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gies which is directly related to the molecular asymmet
The contribution of chirality to the Hamiltonian of the sy
tem is sizable for species such as DPPC for which the ch
ity is paired with a large size of the headgroup in relation
the cross section of the aliphatic chains; this leads to a sp
taneous curvature of the domains within the plane of
monolayer. With this concept, we have been able to simu
realistically the domain shapes in a number of experime
situations with progressively higher complexities under eq
librium conditions. In two-dimensional simulations of do
main shapes we have observed that a reduction of the
tensionl—normalized to the electrostatic repulsion betwe
collinear dipole moments on the molecules—is a necess
but not sufficient, condition for the formation of a stripe
phase: Elongated domains under equilibrium conditions
pear only if the film-forming molecules are chiral. This
consistent with experimental observation: To our knowled
stripes of solid and liquid-condensed phases formed
achiral amphiphiles have not been reported in the literat
Finally, we have argued that the spontaneous curvatur
chiral domains is a major source for the reduction of
correlation length of the molecular positions in a hexa
lattice. This prediction should be experimentally tested
future work.
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APPENDIX

Figure 11 gives a rundown of the manipulations appl
to experimental data for the quantification through t
Minkowski measures as used to assess the similarity
growth patterns with simulated data. We start with a gra
scale image~upper row, left! which consists essentially o
two gray levels. The raw data have been corrected fo
slightly inhomogeneous illumination within the plane of th
image. The gray-scale image is sliced and then skeleton
to yield connected trains of the domain’s center lines that
just one pixel wide~upper row, center!. Finally, black disks
with radii r are placed on each black pixel along the trace
the domain’s skeletons to obtain the pattern shown in
upper right, which may now be compared with a synthe
pattern~lower right! in which the domain bodies have als
been widened to the same radiusr for comparison. For the
displayed examples, the three Minkowski measuress(r),
n(r), andx(r) are given on the lower left, where measur
for the synthetic pattern are shown as solid lines and th
for the experimental pattern as dotted lines. To determine
Minkowski distance between the two images, the quadr
differenceax of the Euler functionsx(r) are calculated ac-
cording to Eq.~16! in dependence on a scale factorn ~lower
row, center!, and the two patterns are assumed to be sim
if the minimum ofax with respect ton falls below a thresh-
old ~chosen to be 10% of the modulus of the experimen
image!.
.
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